Abstract. For each m ≥ 1, we construct a graph G = (V, E) with ω(G) = m such that max i=1,2 ω(ind(V i )) = m for arbitrary partition V = V 1 ∪ V 2 , where ω(G) is the clique number of G and ind(V i ) is the induced graph of V i . Using this result, we may show that for each m ≥ 2 there exists an exact m-cover of Z which is not the union of two 1-covers.
Main Result
For an integer a and a positive integer n, let a(n) denote the residue class {x ∈ Z : x ≡ a (mod n)}. For a finite system A = {a s (n s )} k s=1 , define the covering function w A over Z by w A (x) := |{1 ≤ s ≤ k : x ∈ a s (n s )}|.
If w A (x) ≥ m for each x ∈ Z, we say that a system A is an m-cover of Z. In particular, we call A an exact m-cover provided that w A (x) = m for all x ∈ Z. The covers of Z was firstly introduced by Erdős [4] and has been investigated in many papers (e.g., [7, 9, 21, 11, 1, 14, 15, 18, 2, 6] ).
Suppose that A 1 is an m 1 -cover and A 2 is an m 2 -cover, then clearly A = A 1 ∪A 2 forms an (m 1 +m 2 )-cover. Conversely, Porubský [10] asked whether for each m ≥ 2 there exists an exact m-cover of Z which cannot be split into an exact n-cover and an exact (n − m)-cover with 1 ≤ n < m. Choi gave such a example for m = 2: A = {1(2); 0(3); 2(6); 0, 4, 6, 8(10); 1, 2, 4, 7, 10, 13(15); 5, 11, 12, 22, 23, 29(30)}.
In [20] , using graph-theoretic argument, Zhang gave an affirmative answer to Porubský's problem. This shows that the results on m-covers of Z is essential. In [19] , Sun established a connection between m-covers of Z and zero-sum problems in abelian p-groups. For more related results, the readers may refer to [13, 17, 16] On the other hand, for each m ≥ 2, Pan and Sun [8, Example 1.1] constructed an m-cover of Z (though not exact) which even is not the union of two 1-covers! In this note, we shall give a common extension of the above two results.
For a system A = {a s (n s )} k s=1 and a graph G = (V, E) with V = {v 1 , . . . , v k }, we say G is an intersection graph of A if
The following result [20, Theorem 1] is due to Zhang, although we give a slightly different proof here for the sake of completeness. Lemma 1.1. For each graph G = (V, E) with |V | = k, there exists a system A = {a s (n s )} k s=1 such that G is an intersection graph of A. Proof. We use induction on k. The cases k = 1 and k = 2 are trivial. Assume that k > 2 and our assertion holds for k − 1.
s=1 be a system such that G ′ is an intersection graph of A ′ . Let p 1 , . . . , p k−1 be some distinct primes greater than max{n
. By the Chinese remainder theorem, for a subset I ⊆ {1, . . . , k}, if a i (n i ) ∩ a j (n j ) = ∅ for any i, j ∈ I, then i∈I a i (n i ) = ∅. Hence we have
where ω(G) is the clique number of G. For each m ≥ 1, Zhang constructed a graph G = (V, E) with ω(G) = m satisfying the following property:
If the vertex set V is arbitrarily split into two non-empty subsets V 1 and V 2 , then
The key of our proof of Theorem is the following extension of Zhang's result:
Proof of Theorem 1.1 assuming Theorem 1.2 holds. Let G = (V, E) be the graph satisfying the properties in Theorem 1.2. Assume that |V | = k. By Lemma 1.1, there exists a system A = {a s (n s )} k s=1 such that G is an intersection graph of A. We claim that for any partition
x ∈ Z}. In fact, letting V i ⊆ V be the set of vertices concerning those arithmetic progressions in A i , we have ind(V i ) is an intersection graph of A i . Hence
Since ω(G) = m, w A (x) ≤ m for every x ∈ Z. So we may choose integers b 1 , . . . , b l such that B = A∪{b t (N)} l t=1 forms an exact m-cover, where N is the least common multiple of n 1 , . . . , n k . If B is arbitrarily split into
Hence Now, we arbitrarily split the vertex set of G m into two disjoint sets V 1 and V 2 . Without loss of generality, assume that x 0 ∈ V 1 . Write
where U (i) j,k is the set of all vertices of V i lying the k-th copy of G m−1 in H j . By the induction hypothesis on G m−1 , for every pair j, k,
If ω(ind(U 1,1 , suppose that x 1 is joint to the k 2 -th copy of G m−1 in H 2 , i.e., x 1 is joint to the vertices lying in U . Also, it is nothing to do if ind(U
be a vertex joint to the k 3 -th copy of G m−1 in H 3 . Then our proof is complete provided that ω(ind(U
Finally, suppose that x 3 ∈ U 
Further remarks
Naturally, we may propose the following conjecture:
Conjecture 3.1. Let m ≥ 1 and k ≥ 2 be integers. Then there exists a graph G = (V, E) with ω(G) = m such that
In the proof of Theorem 1.2, we use the fact that 5-cycle is not 2-colorable. Though for every ≥ 1 we can construct a k-chromatic graph without any triangle (cf. [3, Chapter 5, Exercise 23]), it seems not easy to give a constructive proof of Conjecture 3.1. We think that the proof of Conjecture 3.1 maybe requires Erdős' probabilistic method [5] , which can prove there exist the graphs having arbitrarily large girths and chromatic numbers.
On the other hand, we have the following result in a converse flavor:
Theorem 3.1. Let G = (V, E) be a graph having at least one edge. Then there exists a partition
where l(G) denotes the length of the longest path of G.
Proof. Let l = l(G) and n = |V |. We make induction on n. Since we always have l(G) < |V |, this theorem clearly holds when n = l + 1. Assume that n > l + 1 and our assertion is true for any smaller value of n. Suppose that x 1 , . . . , x n are all vertices of G and x 1 − x 2 − · · · − x l is a path of G with the length l. Let V ′ = V \ {x 1 }. By the induction hypothesis on ind(V ′ ), there exists a partition
and s, t ≥ l/2, we must have 2 | l and s = t = l/2. On the other hand, since x 1 −· · ·−x l is one of the longest paths of G, we must have x 1,1 , x 2,1 , x 3,1 , x 4,1 ∈ {x 2 , . . . , x l }. Hence every two of L 1 , L 2 , L 3 , L 4 are linked by some path (not containing x 1 ) in G. Let z 1 − · · · − z r be one of the shortest such paths. Without loss generality, assume that z 1 lies in L 1 and z r lies in L 2 , i.e., z 1 = x 1,s ′ and z r = x 2,t ′ for some 1 ≤ s ′ , t ′ ≤ l/2. Since z 1 − · · · − z r is the shortest path, we must have z 2 , . . . , z r−2 doesn't lie in L 1 , . . . , L 4 .
But now either is a path with the length greater than l. Thus we get a contradiction since l(G) = l.
